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Introduction

Problem

Let Ω be a finite set and let G ≤ Sym(Ω) be a permutation group.
Then G acts on KG :=

∏
ω∈Ω Gω as follows: g · (gω)ω :=(ggg−1ωg

−1)ω.
What are all the G-invariant subgroups of KG?
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Generalised universal groups

Td

x g gx

Td

colour-preserving
b 7→ x

colour-preserving
gx 7→ b

Bd ,k

b σk(g , x) b

Bd ,k

Definition

For F ≤Aut(Bd ,k), set Uk(F ) :={g ∈Aut(Td) |∀x ∈V (Td) : σk(g , x)∈F}.
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The compatibility condition (C)

Definition

For F ≤Aut(Bd ,k), set Uk(F ) :={g ∈Aut(Td) |∀x ∈V (Td) : σk(g , x)∈F}.

Theorem (T. ’18)H≤Aut(Td)

∣∣∣∣∣∣
locally transitive

inversion of order 2
(Pk)-closed

 1:1←→
{
F ≤Aut(Bd ,k)

∣∣∣∣locally transitive
Condition (C)

}

Proposition

Let G ≤ Sym(Ω). Every G -invariant subgroup K≤KG

gives rise to a group Σ(K ) ≤ Aut(Bd ,2) which satisfies
Condition (C) and ker π|Σ(K) = K .

Stephan Tornier A permutation group problem 4
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Examples

Problem

Let Ω be a finite set and let G ≤ Sym(Ω) be a permutation group.
Then G acts on KG :=

∏
ω∈Ω Gω as follows: g · (gω)ω :=(ggg−1ωg

−1)ω.
What are all the G-invariant subgroups of KG?

Clearly, the trivial subgroup of KG as well as KG itself are G -invariant.

Γ := {e} ≤ KG ,

Φ := KG .

Assume that G preserves a non-trivial partition P : Ω =
⊔

i∈I Ωi . Let
p : Ω→ I be such that ω ∈ Ωp(ω) for all ω ∈ Ω. Set

ΦP :={(sω)ω∈KG |∀ω, ω′ ∈ Ω : p(ω)=p(ω′)⇒ sω=sω′}∼=
∏

i∈I GΩi
.

When G is transitive and the Gω are not simple, let N E Gω0 . Also, let
f : Ω→ G , f 7→ fω be a map such that fω(ω0) = ω for all ω ∈ Ω. Define

ΦN := {(fωs(ω)
0 f −1

ω )ω∈Ω | ∀ω ∈ Ω : s
(ω)
0 ∈ N} ∼= Nd .

Stephan Tornier A permutation group problem 5
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Classification example

Theorem

Let G ≤ Sym(Ω) be primitive and Gω simple non-abelian for all ω ∈ Ω.
Then Γ, Φ and ∆ are the only (potential) G-invariant subgroups of KG .

Sketch of proof

Suppose K ≤ KG is G -invariant. Let πω : KG → Gω denote the natural
projection. By G -invariance, the group πω(K ) is normal in Gω. Since Gω is
simple, and G is transitive, either πω(K ) = {e} for all ω ∈ Ω, or
πω(K ) = Gω for all ω ∈ Ω. In the first case, K = {e} = Γ. In the second
case there is, by transitivity of G , an isomorphism ϕ : KG → Gd

ω0
. By

[Rad17, Lemma 2.4], the group ϕ(K ) is a product of subdiagonals of Gd
ω0

.
As G is primitive, the underlying partition of this product is trivial. Hence
either K = Φ = KG , or K = ∆.
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