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Definition

Let G ≤ Sym(Ω) be a permutation group.

A compatibility cocycle of G is
a map z : G × Ω→ G such that

(i) (cocycle) ∀g , h ∈ G ∀ω ∈ Ω : z(gh, ω) = z(g , hω)z(h, ω), and

(ii) (compatibility) ∀g ∈ G ∀ω ∈ Ω : z(g , ω)ω = gω.

A compatibility cocycle is involutive if, in addition,

(iii) (involutive) ∀g ∈ G ∀ω ∈ Ω : z(z(g , ω), ω) = g .

Example

The trivial compatibility cocycle: z0(g , ω) := g for all g ∈ G and ω ∈ Ω.

Questions

What is the size and structure of the set of compatibility cocycles of G?
What about the subset of involutive compatibility cocycles of G?
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|Ω| Permutation Group | ICC(G )| |CC(G )|

2 S2 1 1

3 C3 = A3 1 1
3 S3 =D3 =AGL(1, 3) 4 8

4 C4 1 1
4 C2 × C2 1 1
4 D4 8 16
4 A4 28 81
4 S4 256 2160

5 C5 1 1
5 D5 16 32
5 AGL(1, 5) 272 1024
5 A5 ? ?
5 S5 ? ?

6 D6 32 64

7 D7 64 128
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Motivation
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Structure

Proposition

Let G ≤ Sym(Ω) be a permutation group.

The set CC(G ) is a monoid.
Multiplication: (z ◦ z ′)(g , ω) := z(z ′(g , ω), ω). Unit: z0(g , ω) := g .
The set ICC(G ) is the set of involutive elements in CC(G ).

Define Φ(G ) := G n
∏

ω∈Ω Gω and let KG :=
∏

ω∈Ω Gω ≤ Φ(G ).
The group Φ(G ) acts on CC(G ). For a ∈ G≤Φ(G ) and k := (kω)ω ∈ KG :

za(g , ω) = az(a−1ga, a−1ω)a−1, and

zk(g , ω) = kgωz(g , ω)k−1
ω

Proposition

Let G ≤ Sym(Ω) be a permutation group.
The map KG → CC(G ) given by k 7→ zk0 is a monoid homomorphism.

Stephan Tornier Compatibility Cocycles 4
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|Ω| Permutation Group | ICC(G )| |CC(G )| CC(G )/Φ(G )

2 S2 1 1 1

3 C3 = A3 1 1 1
3 S3 =D3 =AGL(1, 3) 4 8 4 + 4

4 C4 1 1 1
4 C2 × C2 1 1 1
4 D4 8 16 8 + 8
4 A4 28 81 27 + 27 + 27
4 S4 256 2160 216 + 648 + 1296

5 C5 1 1 1
5 D5 16 32 16 + 16
5 AGL(1, 5) 272 1024 256 + 256 + 256 + 256
5 A5 ? ? ?
5 S5 ? ? ?

6 D6 32 64 32 + 32

7 D7 64 128 64 + 64
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Left-absorbing cocycles

Example

Let G ≤ Sym(Ω) be a transitive permutation group and let ω0 ∈ Ω.

For f : Ω→ G , ω 7→ fω such that fω(ω0) = ω, define zf (g , ω) := fgωf
−1
ω .

(i) We have zf ∈CC(G ) and zf is left-absorbing: ∀z∈CC(G ): zf ◦z = zf .

(ii) This construction does not depend on the choice of the base point ω0.

(iii) We may always pick fω0 = id, and |{zf | f }|=
∏

ω 6=ω0
|Gω|= |Gω0 ||Ω|−1.

(iv) Every left-absorbing compatibility cocycle of G is of the form zf .
Let LA(G ) be the set of all left-absorbing compatibility cocycles of G .

(v) The set LA(G )⊆CC(G ) is multiplication-closed and forms a KG -orbit.

Proposition (and Open Problem)

Let G ≤ Sym(Ω) be transitive permutation group. Then

G is regular ⇔ CC(G )={z0} ⇔ CC(G ) is a group
(

?⇔ ICC(G )={z0}
)
.
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A systematic approach

(i) (cocycle) ∀g , h ∈ G ∀ω ∈ Ω : z(gh, ω) = z(g , hω)z(h, ω), and

(ii) (compatibility) ∀g ∈ G ∀ω ∈ Ω : z(g , ω)ω = gω.

(iii) (involutive) ∀g ∈ G ∀ω ∈ Ω : z(z(g , ω), ω) = g .

Proposition

Let G = 〈S | R〉 ≤ Sym(Ω), where 1 /∈ S and s |s| ∈ R for every s ∈ S .
If z ′ : S ×Ω→ G satisfies z ′(s1, s2 · · · snω)z ′(s2, s3 · · · snω) · · · z ′(sn, ω) = 1
for every relation s1 · · · sn ∈ R and ω ∈ Ω then

(i) there is a unique cocycle extension z : G × Ω→ G of z ′. Moreover,

(ii) the map z satisfies compatibility if and only if it satisfies compatibility
on generators, i.e. z ′(s, ω)ω = sω for all s ∈ S and ω ∈ Ω. Finally,

(iii) the map z is involutive if it satisfies compatibility and is involutive on
generators, i.e. z(z ′(s, ω), ω) = 1 for all s ∈ S and ω ∈ Ω.
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Examples

(i) Consider the dihedral group G := Dn ≤ Sym(n) for n ∈ N≥3.

Then

CC(G ) = ICC(G ) t LA(G ) = zKG
0 t LA(G ) ∼= KG/〈δ〉 t LA(G ).

Furthermore, for k ∈ KG and zf ∈ LA(G ) we have zk0 ◦ zf = zkf .

(ii) Let p ≥ 3 be prime and consider G := AGL(1, p) ≤ Sym(p). Then

|CC(G )| = (p − 1)p and | ICC(G )| =

{
(p − 1)p−1 p = 3

(p − 1)p−1 + 2p−1 p ≥ 5

(iii) Let n ∈ N≥2 consider G := Cn o C2 ≤ Sym(2n). Then

|CC(G )| = n2n and | ICC(G )| = 1 + 22n−1.
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